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The title problem is solved both with the characteristic equation and without the characteristic
equation. Necessary conditions are derived for the existence of the common extreme on the liquidus
dus and solidus curves. An equation for the extreme is arranged which enables one to calculate
the composition at the extreme. A formula for calculating the corresponding temperature at the
ektreme is presented. A so-called principle of monotonicity is introduced which gives the suf-
ficient condition for monotonic course of the liquidus and solidus curves. The developed theory
is demonstrated on an example of a solution with common ion where the liquidus and solidus
lines have a common minimum and the universal functional relationship holds between activity
and composition. A concrete case of the course of the liquidus and solidus curves in the N;A3—
—N,Bj; system is expressed graphically.

This work follows our previous paper?. For the course of liquidus and solidus lines
we have derived the system of relations which we further use to derive the equation
of extreme:

dTjdx = —(3F[8x)|(8FoT), @
OF[ox} = Q(dy,)dx}) (8x3/0x%) — do,/dx} )
xi = ¢(M, x3), )

It

M = ‘Pl(xll)/‘/’l(x'l)

S E{CER
o[BG3

where F is the symbol for the characteristic equation of the liquidus line, T'is absolute

Q= Coz(xi)/'/’z(xi)
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temperature, x mole fraction, xj, x§ are mole fractions of the first component in the
liquid and solid states, respectively. The symbols ¢4, ¢,, ¥4, ¥, denote the functional
relations between activity and composition of both components in liquidus and
solidus. AHf is the change of molar enthalpy of pure i-th component at melting
temperature TT at the phase solidus-liquidus transition.

The sufficient condition for the existence of an extreme on the curve of liquidus
or solidus inside the (0-1) interval is the inequality

sign [TliTr(dT/dx)] + sign [Tlir;l{(dT/dx)] .

The Case with Characteristic Equation of the Liquidus Curve
If there exists a common extreme on the liquidus and solidus curves the following
requirements must be fulfilled:
a) at the extreme holds x} = x§ = x.,, b) (3F/0x),=,., = O on the assumption
that (8F/0T),—,., * O (see Egs () and (2)), ¢) F(x,, T.,) = 0, where F(x, T) = 0
is the characteristic equation for the liquidus line.
When introducing the denotation:

[d‘/’z_(x:)] = ¢3(*ex) »

dx} 1

x11=Xex

dxj
0x} 4 ;
] -[#] . -sea.
0x3 Jey1=xen 0X1 Jxy1=x.y
we get the relation (6) for the value of the function Q at the extreme

_oaxe) 1
Qe = baGrnd F0) ©

The relation (6) comprises the requirements a) and b). If the requirement c) is to be
simultaneously satisfied, too, the relation (6) must be identical with the relation (5)
in which, however, we must write x] = x} = X,,.

Thus, we get the identity

(pll(xex) 1 = (pl(xex)
Vs(%e) ¢ (5ex)  Wal¥er)’ @
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which we call the checking identity. If it is not possible to fulfil the checking identity
for some form of functional dependence a = ¢(x) the respective functional dependen-
ce is not suitable for expressing the equation of the liquidus and solidus lines with
extreme. With respect to Eq. (3) there are two unknowns in Eq. (6), viz. the com-
position at the extreme x,, and the temperature at the extreme T,,. As the second
equation we shall use the relation (4) with T = T,,:

- 8]y (B2 1Y, ©

‘//1(xcx) R \T{ T,

ex,

With respect to the identity (7) and Eq. (8), we can take logarithm of Eq. (6):

9

AHS ( 1 1 ) = @2(%e)

P e L2\ex)

T; T. Va(xex)

- R 8 bt AL,

Tlr = lpl(xex)

_Agj(l 1 ) 1 25

By eliminating T,, from them and after rearranging we obtain the equation

which can be called the equation of extreme, where

AHL /1 1
= ex ) 1 1B
B < R (Tﬁ Tf))

The temperature at the extreme is then calculated from Eq. (8).

The Case-without Characteristic Equation of the Liquidus Curve

In the foregoing paper! the relation (20) is presented for the tangent slope to the
liquidus curve. Hence it follows for the extreme

=3 (plz(xcx) = M(XUX) - lp'l(ch) "
?1(Xex) - Y2(ex)
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The checking identity takes in this case the form

o~

(¥ex

Pa(xex) - ¥
O \(xXex) - ¥

(¥ex

1(Xex) - @1(xex) = @2(Xer) . (10)
IZ(XH) * l//l(x ) ‘/’2(-\'“)

ex

On making use of a quite analogous procedure to the case with the characteristic
equation for the liquidus line we obtain the system of equations:

A_Hfz (1_ s _L> = In A—_—“pz(x°‘)

R \T| T, Vaxes)’
AH‘1 i _ L = (pl(xcx)
R \T{ T, Ui(xe)

By eliminating T,, and rearranging we again get to the same form of the equation
of extreme (Eq. (9)). The temperature at the extreme is then calculated from the rela-
tion (8).

Existence Criterion of Extreme

An important conclusion follows from out present analysis for the existence of extre-
me on the liquidus and solidus curves. In the case of a minimum on the liquidus
and solidus lines it holds T, < min (T}, T;) and with respect to the defining equa-
tions of the functions M and Q (Eqs () and (5)) holds

M, <1AQ,<1. (11)

Analogously in the case of a maximum on the liquidus and solidus curves T, >
> max (T, T3), from which follows

M, >1AQ,>1. (12)

The relations (1) and (12) together with the checking identity (7) enable one to decide
directly, on the basis of the form of functional dependence between activity and com-
position, whether the given functional dependence allows the existence of the re-
spective extreme. The relations (/1) and (12) are therefore called the existence criterion
of extreme.

Principle of Monotonicity

The existence criterion has, however, another important consequence which we call
the principle of monotonicity. From'the definitions of functions M and Q (Eqs (4)
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and (5)) follows: If the same functional dependence between activity and composition
holds both for the liquidus and for the solidus curves the value of M and Q functions
at the common extreme of the liquidus and solidus curves is identically equal to unity,

M,

ole) Ly 0alxe)

?1(%ex) ?2(¥ex)
which excludes the existence of extreme within the interval {0-1). Thus, the principle
of monotonicity states: If the functional dependence between activity and composi-
tion is identical both in the liquidus and solidus and when we assume the validity
of the relations (4) and (5) the course of the curves can be only monotonous regardless
of the form of the above-mentioned functional dependence.

The principle of monotonicity follows as well from the form of Eq. (9) for extreme.
If the functional dependence between activity and composition is the same in the
liquidus and solidus it follows from Eq. (9)

AHS (1 1
1= Q = ex 2 (= —=1]],
Lo =P ( R (T§ TI))

which cannot be fulfilled for T5 # TF.

Example: Let us consxder a system with a common ion N,A,—N,B, for which-a universal
functional relation? @ = x* holds in liquidus, where k is the number of new particles brought
with the second component into the solution. In solidus let the solution be classically ideal,
i.e. a = x. The relations (3) introduced in the paperl are then:

al = (Pl‘(x:) = ("ll)l a = ‘/’1()‘!1) =xi,
= (Pz(xi) = (1 = x‘x)q , a3 = 'pz(xi) =1-xj,

where n}, a} are activities of the i~th component in liquidus and solidus, respectively. For the
needed functional relations and derivatives we have

Ph(xi) = —q. (1 — x1)*', ¥s(xy) = -1,

_(xll)t (1 xl) n_ 1oy
M = _xsl—’ Q= (1 ) ¢(M,x1)- Xi("l) ’

ox; 0x4
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The checking identity (Eq. (7)) becomes
g.(l=-xt=r.(1-x""'=>q=t.
The existence criterion for minimum under the condition g = ¢ is
P | /\(1 = x)q“l < 1.

If g=1 then X7l — (- x)“" =1 and consequently no extreme can occur. In this case
the solution is classically ideal, i.e. in the liquidus as well as in the solidus the same functional
dependence a = x holds. On the basis of the principle of monotonicity the course of the curves
is then monotonous. When g > 1 the existence criterion si fulfilled regarding the fact that,
in the considered system, for the composition x always holds 0 < x < 1.

Altogether we get this result: In case of binary systems with a common ion, when
a universal functional relationship holds between activity and coraposition in liquidus
and the solution is classically ideal in solidus, the minimum may occur if holds

g=tAg>1,

i.e. the solution is of the N,A;—N,B, type.
If a minimum is to be investigated the existence criterion takes the form

TS 1AL = x0T > 1,

which, for ¢ = 1 and for 0 < x < 1, cannot be fulfilled. Solution of the given type
cannot consequently form a common maximum on the liquidus and solidus curves.

1200 1
7 ]
1150
4
Fie. 1 £
Phase Diagram of a System with Common Ion
N,A;—N_B;, T/K Type 1100
I Liquidus curve, s solidus curve.
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The equation of the extreme is

(1 o x)q-l . x(l—q)‘AHz‘/Alllf - QO
when g > 1.

The phase diagram for a concrete case of a solution of this type for g =t =3
when choosing the values Tf = 1073 K, Tf = 1043K, AH{ = 88:6kJ.mol™!,
AH; = 76:6 kJ.mol™! was solved with a Siemens 4004 computer and is illustrated
in Fig. 1.
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